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modulo one, where λi and μi are multiplicatively independent al-
gebraic numbers satisfying some additional assumptions. The proof
is based on analysing dynamics of higher-rank actions on compact
abelian groups.
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1. Introduction
The aim of this paper is to generalise the following theorem of B. Kra [4]:
Theorem 1.1. Let pi,qi  2, i = 1, . . . ,k, be integers such that
(a) each pair (pi,qi) is multiplicatively independent,1
(b) for all i = j, (pi,qi) = (p j,q j).
Then for all real numbers ξi , i = 1, . . . ,k, with at least one of ξi ’s irrational, the set{
k∑
i=1
pni q
m
i ξi: m,n ∈N
}
is dense modulo one.
* Corresponding author.
E-mail addresses: a.gorodnik@bristol.ac.uk (A. Gorodnik), shirali.kadyrov@bristol.ac.uk (S. Kadyrov).
1 A pair (λ,μ) is called multiplicatively independent if λm = μn for all (m,n) ∈ Z2\{(0,0)}.0022-314X/$ – see front matter © 2012 Elsevier Inc. All rights reserved.
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introduce the notion of hyperbolicity. For any prime p (including p = ∞), let Qp denote the alge-
braic closure of Qp . In particular, Q∞ = C. A semigroup Σ consisting of algebraic numbers will be
called hyperbolic provided that for every prime p (including p = ∞), if there is a ﬁeld embedding
θ :Q(Σ) →Qp such that
θ(Σ)
{|z|p  1},
then for all ﬁeld embeddings θ :Q(Σ) →Qp , we have
θ(Σ)
{|z|p = 1}.
For example, if α > 1 is a real algebraic integer, then the semigroup 〈α〉 is hyperbolic provided that
none of the Galois conjugates of α have absolute value one.
The algebraic closure of the ﬁeld of rational numbers Q will be denoted by Q¯. Our main result is
the following:
Theorem 1.2. Let λi,μi , i = 1, . . . ,k, be real algebraic numbers satisfying |λi|, |μi | > 1 such that
(a) each pair (λi,μi) is multiplicatively independent,
(b) for all i = j, θ ∈ Gal(Q¯/Q), and u ∈N, (θ(λi)u, θ(μi)u) = (λuj ,μuj ),
(c) each semigroup 〈λi,μi〉 is hyperbolic.
Then for all real numbers ξi , i = 1, . . . ,k, with at least one of ξi satisfying ξi /∈Q(λi,μi), the set
{
k∑
i=1
λni μ
m
i ξi: m,n ∈N
}
is dense modulo one.
Previously, D. Berend [3] have investigated the case k = 1, and R. Urban [5–7] have proved several
partial results when k = 2.
In the next section, we introduce a compact abelian group Ω equipped with an action of
a commutative semigroup Σ and show that the sequence that appears in the main theorem
is closely related to a suitably chosen orbit Σω in Ω . More precisely, this sequence is ob-
tained by applying a projection map Π : Ω → R/Z. This construction is analogous to the one
of Berend in [3], but in the case k > 1, we have to deal with a larger space Ω where the
structure of orbits of Σ is not well understood, and this requires several additional arguments.
The idea of the proof is to show that the closure Σω has an additional structure. In Sec-
tion 3 we show that Σω contains a torsion point. We note that the hyperbolicity assumption
(c) is necessary for existence of a torsion point. Then using a limiting argument in a neighbour-
hood of this torsion point, we demonstrate in Section 4 that Σω approximates arbitrary long
line segments. Finally, we complete the proof in Section 5 by showing that the projections un-
der Π of such line segments cover R/Z. This is where the independence assumption (b) is
used.
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In this section, we construct a compact abelian group Ω and a commutative semigroup Σ of
epimorphisms of Ω . We show that there is a natural projection map Π : Ω →R/Z, and for a suitably
chosen ω ∈ Ω ,
Π(Σω) =
{
k∑
i=1
λmi μ
n
i ξi: m,n ∈N
}
mod 1. (1)
This reduces the proof of the theorem to analysis of orbit structure of Σ in Ω .
Now we explain the details of this construction. Let K be a number ﬁeld. We ﬁx a basis β1, . . . , βr
of the ring of algebraic integers of K . To every element α ∈ K we associate a matrix M(α) = (a jl) ∈
Matr(Q) determined by
α · β j =
r∑
l=1
a jlβl, 1 j  r. (2)
Suppose that M(α) ∈ Matr(Z[1/a]) for some a ∈N, and a is minimal with this property. We set
Ω˜ra :=Rr ×
∏
p|a
Qrp,
Ωra = Ω˜ra/Z[1/a]r,
where Z[1/a]r is embedded in Ω˜ra by the map z 	→ (z,−z, . . . ,−z). Then Ωra is a compact abelian
group. Every matrix M ∈ Matr(Z[1/a]) naturally acts on Ω˜ra diagonally and deﬁnes a map
M : Ωra → Ωra .
The distribution of orbits of such maps will play a crucial role in this paper.
The following lemma will be useful:
Lemma 2.1. If a prime p divides a, then there is an embedding θ :Q(α) →Qp such that |θ(α)|p > 1.
Proof. We write a = pnb with gcd(p,b) = 1 and set β = bα. It follows from (2) that for every Galois
conjugate θ(β), the multiplication by pnθ(β) preserves the integral module Zθ(β1) + · · · + Zθ(βr).
Therefore, pnθ(β) is an algebraic integer, and |θ(β)|q  1 for all Galois conjugates of β and all primes
q = p. Suppose that also |θ(β)|p  1 for all Galois conjugates of β . Then β is an algebraic integer and,
in particular,
β · β j ∈ Zβ1 + · · · +Zβr
for all j. On the other hand, since a is minimal with the property M(α) ∈ Matr(Z[1/a]), it follows
that
β · β j /∈ Zβ1 + · · · +Zβr
for some j. This contradiction shows that |θ(α)|p = |θ(β)|p > 1 for some θ , as required. 
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λi and μi , and let Ai = M(λi) and Bi = M(μi) be the matrices in Matri (Z[1/ai]) deﬁned as above,
where ai ∈N is minimal with this property. We denote by Σi the commutative semigroup generated
by Ai and Bi . This semigroup acts on Ω˜
ri
ai and Ω
ri
ai . We also consider the semigroup
Σ := {(An1Bm1 , . . . , Ank Bmk ): m,n ∈N}
generated by A := (A1, . . . , Ak) and B := (B1, . . . , Bk) that naturally acts on
Ω :=
k∏
i=1
Ω
ri
ai .
We denote by π : Ω˜ :=∏ki=1 Ω˜riai → Ω the corresponding projection map. We write
Ω˜ =
k∏
i=1
hi∏
j=1
Qripi j
where pi1 = ∞, . . . , pihi are the primes dividing ai (here we write Q∞ = R). We denote by {ei jl} the
standard basis of Ω˜ , and introduce a projection map
Π : Ω˜ →R/Z :
∑
i, j,l
si jlei jl 	→
∑
i, j
{si j1}pij mod 1, (3)
where {x}∞ denotes the usual fractional part, and {x}p denotes the p-adic fractional part. Namely, for
x =∑∞u=−N xu pu ∈Qp , we set {x}p =∑−1u=−N xu pu . It is easy to check Π is continuous, and
Π
(
k∏
i=1
Z[1/ai]ri
)
= 0 mod 1.
Hence, Π also deﬁnes a map Ω →R/Z.
It follows from the deﬁnition of Ai = M(λi) and Bi = M(μi) that they have a joint eigenvector
vi ∈Rri with eigenvalues λi and μi respectively. Let us assume for now that the ﬁrst coordinate of vi
is nonzero. Then we normalise vi so that this coordinate is one. We set
v =
k∏
i=1
(ξi vi,0, . . . ,0) ∈ Ω˜ and ω = π(v) ∈ Ω.
Then it follows from the deﬁnition of Π that (1) holds.
Although this construction may be applied to any choices of the number ﬁelds Ki , it is most
convenient to choose these ﬁelds to be of the smallest size, and we adopt an idea from [1]. For
every i = 1, . . . ,k, we pick li ∈ N so that Q(λlii ,μlii ) =
⋂∞
l=1Q(λli,μ
l
i), and we set l0 =
∏k
i=1 li . Then
Q(λl0i ,μ
l0
i ) =
⋂∞
l=1Q(λli,μ
l
i). We observe that the numbers λ
l0
i and μ
l0
i are satisfying the assump-
tions Theorem 1.2, and if we prove the claim of the theorem for these numbers, then the theo-
rem would follow for λi ’s and μi ’s as well. Hence, from now on we assume that l0 = 1 and take
Ki =Q(λi,μi).
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Lemma 2.2. There exists Ci ∈ Σi such that the characteristic polynomial of Cui is irreducible over Q for every
u ∈N.
Proof. This follows from [1, Lemma 4.2]. Indeed, since Q(λi,μi) = ⋂∞l=1Q(λli,μli), by this lemma
there exists σi in the semigroup generated by λi and μi such that Q(σ ni ) = Q(λi,μi) for all n ∈ N.
Since the matrix Cni = M(σ ni ) ∈ Matri (Z[1/ai]) has an eigenvalue σ ni of degree ri over Q, the claim
follows. 
We denote by vil , 1 l  ri , the eigenvectors of the matrix Ci . Since all the eigenvalues of Ci are
distinct, it follows that vil ’s are also eigenvectors of the whole semigroup Σi . For D ∈ Σi , we denote
by λil(D) the corresponding eigenvalue. In particular, we set λil = λil(Ai) and μil = λil(Bi). We choose
the indices, so that λi1 = λi and μi1 = μi . Since the characteristic polynomial of Ci is irreducible,
all the eigenvectors of vil , 1 l  ri , are conjugate under the Galois action, and it follows that their
coordinates with respect to the standard basis are nonzero.
It follows from Lemma 2.2 that λil1 (Ci)
u = λil2 (Ci)u for all l1 = l2 and u ∈N. Hence, in particular,(
λuil1 ,μ
u
il1
) = (λuil2 ,μuil2) for all l1 = l2 and u ∈N. (4)
We also introduce an eigenbasis for the space Ω˜ . Let Li j be the splitting ﬁeld of the matrix Ci
over Qpij . We set
V =
r∏
i=1
hi∏
j=1
Vij where Vij = Lrii j .
We denote by vijl , l = 1, . . . , ri , the basis of the factor Vij consisting of eigenvectors of Ci chosen as
above. Then vijl with i = 1, . . . ,k, j = 1, . . . ,hi , l = 1, . . . ,hi forms a basis of V consisting of eigenvec-
tors of Σ . In these notation,
v =
k∑
i=1
ξi vi11 and ω = π(v).
We normalise the eigenvectors vijl so that their ﬁrst coordinates with respect the standard bases of
Lrii j are equal to one. Then the projection map Π is given by
Π
(∑
i, j,l
ci jl vi jl
)
=
∑
i, j,l
{ci jl}pij mod Z. (5)
3. Existence of torsion elements
In this section we investigate existence of torsion elements in closed Σ-invariant subsets of Ω and
prove
Proposition 3.1. Every closed Σ-invariant subset of Ω contains a torsion element.
We start the proof with a lemma that generalises [1, Proposition 4.1], which dealt with toral auto-
morphisms. Given a topological semigroup Σ0 acting on a topological space Ω0, we say that a subset
M of Ω0 is Σ0-minimal if it is non-empty, closed, Σ0-invariant, and minimal with respect to these
properties.
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ri
ai consists of torsion elements.
Proof. We consider the decomposition
Vij = V1i j ⊕ V>1i j
where
V1i j :=
〈
vijl:
∣∣λil(D)∣∣pij  1 for all D ∈ Σi 〉,
V>1i j :=
〈
vijl:
∣∣λil(D)∣∣pij > 1 for some D ∈ Σi 〉.
In view of Lemma 2.1, the assumption that the semigroup Σi is hyperbolic implies that for every i, j, l
there exists D ∈ Σi such that
∣∣λil(D)∣∣pij = 1. (6)
Let M be a Σi-minimal subset of Ω
ri
ai . Suppose, ﬁrst, that M is ﬁnite. We recall that the action
of an element D ∈ Σi on Ωriai is ergodic provided that it has no roots of unity as eigenvalues. In
particular, it follows that Ci ∈ Σi is ergodic. Now it follows from [2, Lemma II.15] that M consists of
torsion elements.
Suppose that M is inﬁnite. Then M − M contains 0 as an accumulation point. Let yn ∈ Ω˜riai be a
sequence such that yn → 0 and π(yn) ∈ M − M . If
yn /∈ V1i :=
hi⊕
j=1
V1i j
for inﬁnitely many n, then we may argue exactly as in Case I of [3, p. 252] (with B = M). We con-
clude that M = Ωriai , which contradicts minimality of M . Hence, it remains to consider the case when
every element x in a suﬃciently small neighbourhood of 0 in M − M is of the form π(y) for some
y ∈ V1i .
We take an ergodic element D ∈ Σi and M ′ ⊂ M a D-minimal subset. Then for every x ∈ M ′ , we
have Dns (x) → x along a subsequence nk . In particular, it follows that for some n ∈N,
Dn(x) − x = π(y) (7)
with y ∈ V1i . It follows from (6) that there exists an element E ∈ Σi such that
Em(y) → 0 asm → ∞.
Passing to a subsequence, we also obtain
Ems (x) → z ∈ M.
Hence, applying Ems to both sides of (7), we conclude that Dn(z) = z, and by [2, Lemma II.15], z is a
torsion element. Since M is Σi-minimal, it must consist of torsion elements. 
Proof of Proposition 3.1. We denote by Ω[] the subset of elements whose order divides . We note
that Ω[] is ﬁnite (see [2, Lemma II.13]) and Σ-invariant.
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The case when k = 1 is handled by Lemma 3.2. In particular, it follows that p1(M) contains a torsion
element of order 1, where p1 : Ω → Ωr1a1 denotes the projection map. Let
N =
{
y ∈
k∏
i=2
Ω
ri
ai : (x, y) ∈ M for some x ∈ Ωr1a1 [1]
}
.
Since N is non-empty, invariant, and closed, it follows from the inductive hypothesis that N contains
a point y such that 2 y = 0 for some 2 ∈ N. Then M contains (x, y) for some x ∈ Ωr1a1 [1], and
(x, y) ∈ Ω[12]. 
From Proposition 3.1, we also deduce
Lemma 3.3. Let M be a closed Σ-invariant set. Then there exist s ∈ N and a torsion point r ∈ M such that
As(r) = Bs(r) = r.
Proof. We recall that by [2, Lemma II.13] the set Ω[], is ﬁnite. Since this set is clearly Σ-invariant, it
follows from Proposition 3.1 that M contains a ﬁnite Σ-invariant set N consisting of torsion elements.
We pick N to be a minimal set with these properties. Since A(N) ⊂ N is also Σ-invariant, we conclude
that A(N) = N and similarly B(N) = N . Then it follows that A|N and B|N are bijections of the ﬁnite
set N , and there exists s ∈N such that (A|N)s = (B|N)s = id, which implies the lemma. 
4. Approximation of long line segments
Let Υ ′ denote the set of accumulation points of Υ := π(Σv) = Σω. The aim of this section is
to show that one can approximate projections of arbitrary long line segments by points in Υ ′ . For
this we recall that Υ ′ contains a torsion element r (see Proposition 3.1) and apply the action of Σ
to a sequence (x(s))s1 contained in Υ and converging to r. To produce nontrivial limits, one needs
additional properties of the sequence x(s) that are provided by the following two lemmas.
Lemma 4.1. For any point x ∈ Υ ′ there exists a sequence xs ∈ Υ converging to x such that
x(s) = π(y(s))+ x with y(s) /∈ V1, y(s) → 0,
where V1 :=∏ki=1∏hij=1 V1i j .
Proof. To prove the lemma we use the assumption that ξi /∈Q(λi,μi) for some i = 1, . . . ,k.
Let (x(s))s1 be a sequence of distinct points in Υ = π(Σω) converging to x. We write
x(s) = π(y(s))+ x,
where y(s) is a sequence of points in Ω˜ converging to zero. More explicitly,
x(s) = π(Am(s)Bn(s)v)= (x(s)1 , . . . , x(s)k )
for m(s),n(s) ∈N, where x(s)i = πi(Am(s)i Bn(s)i ξi vi11) = πi(λm(s)i μn(s)i ξi vi11).
Recall that we have assumed that ξi /∈Q(λi,μi) for some i = 1, . . . ,k. We claim that for this i the
sequence (x(s)i )s1 consists of distinct points. Indeed, suppose that x
(s1)
i = x(s2)i for some s1 = s2. Then
(
λ
m(s1)
i μ
n(s1)
i − λm(s2)i μn(s2)i
)
ξi vi11 ∈ ker(πi).
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λ
m(s1)
i μ
n(s1)
i = λm(s2)i μn(s2)i ,
and hence m(s1) = m(s2) and n(s1) = n(s2) because (λi,μi) is assumed to be multiplicatively inde-
pendent. Then x(s1) = x(s2) , which gives a contradiction.
Now if we suppose that y(s) satisﬁes y(s) ∈ V1 for all suﬃciently large s, then we can apply the
argument of Case II in [3, p. 253] to the sequence {x(s)i }. This argument yields that ξi ∈ Q(λi,μi),
which is a contradiction. Hence, by passing to a subsequence, we can arrange that y(s) /∈ V1, as
required. 
Given a sequence (y(s))s1 as above, we denote by I the set of indices (i, j, l) such that y(s)i jl = 0.
Lemma 4.2. In Lemma 4.1, we can pick a sequence (y(s))s1 so that for some D ∈ Σ ,
(i) |λil(D)|pij > 1 for all (i, j, l) ∈ I ,
(ii) λi1l1 (D) = λi2l2 (D) for all (i1, j1, l1), (i2, j2, l2) ∈ I with (i1, l1) = (i2, l2).
Proof. The proof relies on the independence property (b) of the main theorem of the pairs (λi,μi).
We pick a sequence (y(s))s1 as in Lemma 4.1 with a minimal set of indices I . Then by [2,
Lemma II.7], for any D ∈ Σ we have either |λil(D)|pij > 1 for all (i, j, l) ∈ I or |λil(D)|pij  1 for all
(i, j, l) ∈ I. Hence, it follows from the hyperbolicity assumption (c) of the main theorem that either
A or B satisﬁes (i). Without loss of generality, we assume that A satisﬁes (i). Then there exists n0 ∈N
such that AnB satisﬁes (i) for all n  n0. Now we show that D := AnB for some n  n0 satisﬁes (ii),
which is equivalent to showing that
λna1μa1 = λna2μa2 (8)
for all a1 = a2 in the set J = {(i, l): 1  i  k, 1 l  ri}. We say that a1 ∼ a2 if there exists n ∈ N
such that λna1 = λna2 . It is easy to check that this is an equivalence relation and there exists m0 such
that λm0a1 = λm0a2 for all a1 and a2 in the same equivalence class.
It follows from the independence assumption (b) of the main theorem and (4) that
(
λua1 ,μ
u
a1
) = (λua2 ,μua2) for all a1 = a2 and u ∈N.
Thus, if a1 and a2 belong to the same equivalence class, then μ
m0
a1 = μm0a2 and, in particular, μa1 = μa2 .
This implies that (8) holds within the same equivalence class when n is a multiple of m0.
Now we consider the case when a1 = a2 belong to different equivalence classes. If (8) fails for n′
and n′′ , then
λn
′−n′′
a1 = λn
′−n′′
a2 ,
and n′ = n′′ . Hence, in this case (8) may fail only for ﬁnitely many n’s. Hence, if we take n to be a
suﬃciently large multiple of m0, then both (i) and (ii) hold. 
We apply the argument of [2, Section II.3] to the sequence (y(s))s1 and D ∈ Σ constructed in
Lemma 4.2. This yields the following lemma (cf. [2, Lemma II.11]).
We say that a set Y is an -net for the set X if for every x ∈ X there exists y ∈ Y within distance
 from x.
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{(i, j, l) ∈ I: pij = p}, cb = 0 with b ∈J in a ﬁnite extension of Qp , u ∈ Ω˜ and tm satisfying
tm
(
max
b∈J
∣∣λb(D)∣∣p)m → ∞ when p = ∞,
p−tm
(
max
b∈J
∣∣λb(D)∣∣p)m → ∞ when p < ∞, (9)
such that if we deﬁne
vm,t := Dm(u) + t
∑
b∈J
λb(D)
mcbvb,
where t ∈ [0, tm] when p = ∞, and t ∈ ptmZp when p < ∞, then vm,t ∈ Ω and for every  > 0 and m >
m(), the set π−1(Υ − r) forms an -net for {vm,t}.
5. Proof of the main theorem
As in the previous section, Υ = {π(AmBnv): m,n ∈N}, and Υ ′ is the set of limit points of Υ .
We ﬁrst assume that Υ ′ contains a torsion point r ﬁxed by Σ and apply Lemma 4.3. Let
λ := max
b∈J
∣∣λb(D)∣∣p and K := {b ∈ J : ∣∣λb(D)∣∣p = λ}.
We take a sequence t′m < tm such that
t′mλm → ∞ and t′m
(
max
b∈J \K
∣∣λb(D)∣∣p)m → 0 (10)
when p = ∞, and
p−t′mλm → ∞ and p−t′m
(
max
b∈J \K
∣∣λb(D)∣∣p)m → 0 (11)
when p < ∞. Let
wm,t = Dm(u) + t
∑
b∈K
λb(D)
mcbvb
where t ∈ [0, t′m] when p = ∞, and t ∈ pt′mZp when p < ∞. It follows from (10) and (11) that for
every  > 0 and m >m(), {vm,t} forms an -net for {wm,t}. This shows that we may assume that in
Lemma 4.3 |λb(D)|p = λ for all b ∈J . We write λb(D) = λωb where |ωb|p = 1.
We claim that there exists 1m0  |J | such that
c(m0) :=
∑
b∈J
ω
m0
b cb = 0. (12)
Indeed, suppose that c(m) = 0 for all 1m |J |. This implies that the (|J | × |J |)-matrix
(
λb(D)
m)
b∈J ,1m|J |
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contradiction. Hence, (12) holds.
We claim that there exists a subsequence mi → ∞ such that ωmib → ωm0b for all b ∈ J . To show
this, we consider the rotation on the compact abelian group {|z|p = 1}J deﬁned by the vector
(ωb)b∈J . Since the orbit closure of the identity is minimal, it follows that (ωmb )b∈J → (1, . . . ,1)
along a subsequence, and the claim follows.
We consider the cases p = ∞ and p < ∞ separately. Suppose that p = ∞. We observe that by (5),
Π
(
vm,t
)= zm + ∑
b∈J
{
tλmωmb cb
}
∞ = zm +
{
tλmc(m)
}
∞ mod 1,
where zm = Π(Dm(u)). Since
tmiλ
mi → ∞ and c(mi) → c(m0) = 0,
we conclude that for all suﬃciently large i,
Π
({
vmi ,t
}
0ttmi
)=R/Z.
On the other hand, for every  > 0 and i > i(), the set π−1(Υ − r) forms an -net for {vmi ,t}0ttmi .
Therefore, since Π is continuous, it follows that Π(Υ −r) is dense in R/Z, which completes the proof
of the theorem.
Now suppose that p < ∞. In this case, λ = p−n , and
Π
(
vm,t
)= zm + ∑
b∈J
{
tp−mnωmb cb
}
p = zm +
{
tpmnc(m)
}
p mod 1.
For all suﬃciently large i, we have |c(mi)|p = |c(m0)| = pl . Thus,
{
Π
(
vmi ,t
)}
t∈ptmi Zp = zmi +
{
ptmi−nmi+lZp
}
p
= zmi +
{ −1∑
j=tmi−nmi+l
c j p
j: 0 c j  p − 1
}
mod 1,
and this set is ptmi −nmi+l-dense in R/Z. Since p−tmi +nmi → ∞, for all  > 0 and i > i() this set forms
an -net for R/Z. On the other hand, for every  > 0 and suﬃciently large i, the set π−1(Υ −r) forms
an -net for {vmi ,t}t∈ptmi Zp . Hence, we conclude that Π(Υ − r) is dense in R/Z.
This completes the proof of the theorem under the assumption that Υ ′ contains a torsion point
r ﬁxed by Σ . To prove the theorem in general, we observe that by Lemma 3.3 there exist s ∈ N
and a torsion point r ∈ Υ ′ such that As(r) = Bs(r) = r. Then there exist 0m0,n0  s − 1 such that
r is an accumulation point for {π(Ams+m0 Bns+n0 v): m,n ∈ N}. Applying the above argument to the
semigroup Σ ′ = 〈As, Bs〉 and the vector v ′ = Am0 Bm0 v , we establish the theorem in general.
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